Let l ≥ 3 and p be primes, q = p r , r ∈ Z + , q ≡ 1 (mod 2l 2 ) and F q a field with q elements. In this paper we establish the congruences for Jacobi sums of order 2l 2 and also explore here to express these Jacobi sums in terms of Dickson-Hurwitz sums. These expressions and congruences are useful in algebraic characterizations of the Jacobi sums of order 2l 2 .
Introduction
Let e ≥ 2 be an integer, p a rational prime, q = p r , r ∈ Z + and q ≡ 1 (mod e). Let F q be a finite field of q elements. We can write q = p r = ek + 1 for some k ∈ Z + . Let γ be a generator of the cyclic group F * q and ζ e = exp(2πi/e). Define a multiplicative character χ e : F * q −→ Q(ζ e ) by χ e (γ) = ζ e and extend it on F q by putting χ e (0) = 0. For integers 0 ≤ i, j ≤ e − 1, the Jacobi sum J e (i, j) is define by J e (i, j) = However in the literature a variation of Jacobi sums are also considered and is defined by The Problem of congruences of Jacobi sums of order e concerns to determine an element modulo an appropriate power of (1 − ζ e ) in Z[ζ e ], which is coprime to e and this plays a vital role to determine the element uniquely along with some other elementary conditions.
For some small values of e the study of congruences of Jacobi sums is available in the literature. For example Dickson [3] obtained the congruences
In this paper, we determine the congruences (mod (1 − ζ 2l 2 ) l+1 ) for Jacobi sums of order 2l 2 and also calculate their coefficients in terms of Dickson-Hurwitz sums. We split the problem into two cases:
Case 1. n is odd. This case splits into three sub-cases:
Preliminaries
Let ζ = ζ 2l 2 and χ = χ 2l 2 then χ 2 = χ l 2 is a character of order l 2 and ζ l 2 = ζ 2 is a primitive l 2 th root of unity. The Jacobi sums J l 2 (i, j) and J 2l 2 (i, j) of order l 2 and 2l 2 respectively are defined as in the previous section. We also have ζ = −ζ
Properties of Jacobi sums
In this subsection we discus some properties of Jacobi sums.
In particular,
Proposition 3.
Let m + n ≡ 0 (mod e) but not both m and n zero (mod e). Then J e (m, n) = −1.
Proposition 4.
For (k, e) = 1 and σ k a Q automorphism of Q(ζ e ) with σ k (ζ e ) = ζ k e , we have σ k J e (m, n) = J e (mk, nk). In particular, if (m, e) = 1, m −1 denotes the inverse of m (mod e) then
Proposition 6.
Let m, n, s be integers such that m + n ≡ 0 (mod 2l 2 ) and m + s ≡ 0 (mod 2l 2 ).
Then
Proof. The proofs of 1 -5 follows directly using the definition of Jacobi sums (see [2] ). The proofs of 6 and 7 are analogous to the proofs in the 2l and l cases respectively (see [1] , [9] ).
Remark 1: The Jacobi sums of order 2l 2 can be determined from the Jacobi sums of order l 2 . The Jacobi sums of order 2l 2 can also be obtained from
Dickson-Hurwitz sums
The Dickson-Hurwitz sums [10] of order e on F q are defined for i, j (mod e) by
For q = ek + 1 these satisfy the relations:
i=0 B e (i, j) = q − 2, and for (j, e) = 1, B e (ij, j) = B e (i, j), where kk ≡ 1 (mod e).
Jacobi sums J e (χ e , χ j e ) and Dickson-Hurwitz sums are related by (for q=p, see [3] )
Thus if k is even or q = 2 r then J e (1, j) = e−1 i=0 B e (i, j)ζ i e [10] . Further Shirolkar and Katre [10] calculated the coefficients of Jacobi sums of order l 2 in terms of Dickson-Hurwitz sums, which has been stated in the following proposition:
3 Congruences for Jacobi sums of order 2l The evaluation of congruences for the Jacobi sums of order l 2 has been done by Shirolkar and Katre [10] and has been stated in the following theorem.
Theorem 1. Let l > 3 be a prime and
congruence for J l 2 (1, n) for a finite field F q is given by
if gcd(l, n) = l, where for 3 ≤ i ≤ l − 1, c i,n and c l,n = S(n) are as described in [10] . Lemma 1. Let p ≥ 3 be a prime and q = p r ≡ 1 (mod 2l 2 ). If χ is a nontrivial character of order 2l 2 on the finite field F q , then
Proof. As for α ∈ F q , the number of β ∈ F q satisfying the equation β(1+β) = α is same as 1+χ
we have
Lemma 2. Let l ≥ 3 be a prime, q = p r ≡ 1 (mod 2l 2 ) and γ a generator of F * q then
where w = ind γ 2.
Proof. From Proposition 6, for m = 1, n = 1 and s = l 2 − 1, we have
By Proposition 1, we obtain χ(−1)J 2l 2 (1,
Now equation (1) becomes
Again by Proposition 5 and Theorem 1, we have
For w = ind γ 2, from Lemma 1, we have
Employing (4) and (3) in (2), we get
Lemma 3. Let n be an odd integer such that 1 ≤ n ≤ 2l 2 − 1 and gcd(n, 2l 2 ) = 1, then
Theorem 2. Let p and l ≥ 3 be primes, r ∈ Z + , q = p r ≡ 1(mod 2l 2 ) and ζ a primitive 2l 2 th root of unity. Then for 1 ≤ n ≤ 2l 2 − 3 the Jacobi sum J 2l 2 (1, n) of order 2l 2 is given by
sign's are 'l' periodic (i,e; sign's are repeated after l terms).
Proof. Cyclotomic polynomial of order n = 2l 2 is
So, we have Theorem 3. Let l ≥ 3 be a prime and q = p r ≡ 1 (mod 2l 2 ). If n, 1 ≤ n ≤ 2l 2 − 3 is an odd integer, then a congruence for J 2l 2 (1, n) over F q is given by
